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O ■ Abstract 
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H . The purpose of this paper is to present the construction of a canonical deter- 

minant functional on elliptic pseudodifferential operators {ipdos) associated to the 
Guillemin-Wodzicki residue trace. 

The resulting residue determinant functional is multiplicative, a local invariant, 
and not defined by a regularization procedure. The residue determinant is conse- 
Ph ! quently a quite different object to the zeta function determinant, which is non-local 

"^ I and non-multiplicative. Indeed, the residue determinant does not arise as the deriv- 

F^ I ative of a trace on the complex power operators, and does not depend on a choice 

^ • of spectral cut. The identification of a certain residue determinant with the index 

of an elliptic ipdo shows the residue determinant to be topologically significant. ^ 
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1. Definition and Properties of the Residue Determinant 

Let y4 be a ipdo of order a G M acting on the space of smooth sections C°°{E) of 
a rank A^ vector bundle E over a compact boundaryless manifold M of dimension 
n. This means that in each local trivialization of E with U x M^, with U an open 
subset of M identified with an open set in MJ^, and smooth functions (f),ilj with 
supp(0), supp(7/') C U, then ioT x e U and / G C^{U,R^) 

(1.1) (0A^)/(x) = -^ / / e^(^-^)-« a{x,Of{y) dyd^ , 

where a G ^"(f/). We may write A = OP(a) on U. 

Here, 5"(f/) is the symbol space of functions a(x,0 e C°°(f/ x M*^, (M^)* O M^) 
with values in A^ x A^ matrices such that for all multi-indices /x, z^ G N", 9^(9t'a(a;, .^) 
is 0( (1 + |C|)"~''^' ); uniformly in ^, and, on compact subsets of U, uniformly in x. 
Write S{U) for U„eM5"(f/) and ^-°°(f/) for n„eK5"(f/). Symbols a, b G S{U) are 
said to be equivalent if a — b G S^°°{U), written a ~ b. 

A symbol a G S'^{U) is classical (1-step polyhomogeneous) of degree a if there is a 
sequence ao, ai, as, . . . with a^ G C~(f/ x M"\{0}, (M^)* ® M^) homogeneous in ^ of 
degree a— j for |,^| > 1 such that a(x, ^) ~ Xljlo ^i(^' 0? thus, a_,(a;, t^) = t"~^dtj{x, ^) 
for t > 1, 1^1 > 1, and 

j-i 



a(x,0-$^a,(x,Oe^°-^(f/) 



We may then write a ~ (ao, ai, . . .). A symbol b G 5'([/) is called logarithmic of type 
c G M if it has the form 

b(x,0~clog[e]/ + q(x,0 , 

where q ~ (qp, qi, ■ ■ ■) G ^^(f/) is a degree classical symbol, and [ ] : M" ^ M+ is 
a strictly positive function with [C\ = \C,\ for |^| > 1. 

A ^/'do A on C°°{E) is classical of degree a [resp. logarithmic of type c) if the 
local symbol of A in each local trivialization of E is classical of degree a {resp. 
logarithmic of type c). A logarithmic ipdo has order e for any e > 0. We denote the 
space of classical V'dos of order a {resp less than a) by \E'"(£') {resp. '^^'^{E)), and 
the algebra of all integer order classical ■i/'dos by "^^{E). 

The various homogeneous terms aj{x,^) {resp c\j{x,^)) in the local symbol of a 
classical {resp. logarithmic) ipdo do not, in general, have a global invariant mean- 
ing as bundle endomorphisms over T*M. However, it was observed by Guillemin 
|Guj and Wodzicki |Wo2j for classical V'dos, and extended to logarithmic opera- 
tors by Okikiolu |Uk2j . that if a{A)_n{x,C,) is the term of homogeneity —n (so 



a{A)_n{x,C,) = aa+n{x,0 if ^ is classical of degree a, while if A is logarithmic 



a{A)_n{x,0 = (ln{x,0), then 
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a(A)_„(x, 0^5(0 dx 
with dS{C,) the sphere measure on S*""^, defines a global density on M. The number 



(1.2) res(A) = — — / / tr ( a(A)_„(a;, ) dSi^ dx 

(2vr)" Jm J\(\=i 

is the Guillemin-Wodzicki residue trace of the V^do A. Evidently, if A is a classical 
'j/'do of order a, then 

(1.3) a^Z or « < -n => res(A) = , 
and res drops down to a map on the quotient algebra 

(1.4) res : ^^(E)/^-°°(E) — > C . 

The following linearity properties of the residue trace are immediate from its defi- 
nition. 

Lemma 1.1. Let A, B he ipdos. If A and B are both logarithmic, or, if A is classical 
of order a G Z and B is logarithmic, or, if A is classical of order « G M and B is 
classical of order /9 G M such that^ a — /? G Z , then 

(1.5) res(A + B) = res(A) + res(E) . 

The characterizing tracial property of res is due to Guillemin, Wodzicki and ex- 
tended to include logarithmic operators by Okikiolu: 

Proposition 1.2. |Wo2j . [nu] . |Ok2j . Let A,B be classical or logarithmic ipdos. 
Then 

(1.6) Tes{[A, B]) = . 

It follows that p.4|) is a trace functional. It is, moreover, projectively unique. 

This has consequences for determinants. 

Let y4 be a classical ^/'do A of order a admitting a principal angle 6, meaning 
that the principal symbol ao{A){x,^) considered as a bundle endomorphism over 
T*X\0 has no eigenvalue on the spectral cut Re = {re*^ | r > 0}; in particular, A is 



If A and B are classical and a — f3 ^ Z then A + B is not a classical i/^do (the symbol is 
then not 1-step, its expansion does not drop in integer orders). Consequently, though 'i>^{E) is an 
algebra, the space ^(i?) — Ua£R'^"'{E) is not, but forms a semi-group with respect to the usual 
composition product. This is relevant for linearity properties of traces on classical "(/"los, and the 
reason why a(log^)(a;, ^) — —{d/ds)\s=Qa{A''''){x,£,), as a limit of differences of classical symbols, 
is not quite classical. 



elliptic. Then, as recalled below, the functional calculus constructs the log symbol 
(logg a)_„(a;, ^) of homogeneity —n and 



(27r)" Vi|$|=i / 

defines a global density on M |0k2j . If a > 0, then logg A exists as a logarithmic V'do 
of type a and (logg a)_„(a;,,^) = cr(logg y4)_„(a;,,^). We can hence define canonically 
the following determinant functional on classical ipdos. 

Definition 1.3. The residue determinant det^es A of a classical ipdo A with principal 
angle 9 is the complex number 

logdetres^ := res(logy4) , 



(1.7) 




log 


that is, 






(1.8) 


logdetres^ : = 
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tr ((log0a)_n(x,O) dS{^)dx. 

MJ\i\=l 

Remark 1.4. From Lemma \l.l\ one has the linearity 

(1.9) res (log A + logS) = res (log A) + res (log 5) 
for all classical ipdos A and B, of any real orders a, /3 G M. 

The properties of the residue determinant are as follows. 

Proposition 1.5. The residue determinant detres^ ^s « local invariant, depending 
only on the first n + 1 homogeneous terms ao, ai, . . . , a„ in the local symbol of A, and 
is independent of the choice of principal angle 9 used to define loggA. 

The subscript 9 is therefore omitted in the notation p.7|l . 
Corollary 1.6. Let A e ^°(E), S E ^''{E) with a> a + n. Then 

(1.10) detres(A + 5)=detres(A) . 

The residue determinant is multiplicative: 

Theorem 1.7. Let A,B be classical ipdos of order a, (3 G M, and suppose that 
A, B, AB admit principal angles. Then 

(1.11) det,esiAB) = detres{A) ■ detrcs(B) . 

The residue determinant does not vanish on non- invert ible operators, however. 

In fact, since an elliptic operator is invertible modulo smoothing operators, the 
above properties imply that it never vanishes. 



If A G "^{E) has order a > and is invertible, then C{A, 0)|™*^'', the meromorphi- 
cally continued spectral zeta-function of A evaluated at s = (see Sect. 2), is known 
to have the properties in Proposition II .51 the relation with detres A is the following. 

Theorem 1.8. Let A be a classical ipdo of order a > with principal angle. If A 
is invertible 

(1.12) det,e.(A) = e--^(^'°)|- . 

When A is not invertible 

(1.13) detres(A) = e-°(«^'°)l'"°'+h«(-^)) , 

where ho(A) = Tr (no(A)) and Ilo{A) is a projection onto the finite- dimensional 
generalized 0-eigenspace Eo{A) = {r E C°°{E) \ A'^t = some A^ G N} (the 
projection Ilo{A) is defined in (jH.HHj) ). // Ker(A^) = Ker(y4), in particular for A 
self-adjoint, then ho(A) = dimKer(A). 

The additional ho (A) term on the right-side of ()1.13p thus corrects for the discon- 
tinuities of C(^, 0)1™'''^ at non-invertible A. Notice, also, that C(A, 0)|™^'' is locally 
determined only if ho(A) = 0, otherwise it is ({A, 0)1™^"" -|- ho(A) which is local; this 
follows from Proposition 11.51 and p.l2j) . and is seen directly in the proof. 

Remark 1.9. [1] The number ({A, 0)1"^^"^ := Tr (/.y4~*)|^Q defines a quasi- (or 
weighted-) trace of the identity operator I on C°°{E) and hence ()1.12|1 associates 
detres with a notion of regularized dimension, rather than regularized volume. 

[2] The continuity o/ detres on families of admissible operators in "^{E) contrasts 
with the (-determinant, which is continuous only on families of invertible operators. 

Remark 1.10. Subsequently two proofs of p.l3j) of independent interest have been 
given. In [Paj (see also jPaScj ) the identity is proved using a microlocal result of 
jKo Vij . In j(Tr2j a proof is obtained via the resolvent trace Tr {{A — A/)~^). 

Remark 1.11. Since loggA is 'almost' in the subalgebra "^-^{E) n\E'^(i?) on which 
the residue trace is not the unique trace |PaRoj . detres is not quite the unique 



multiplicative functional on elliptic ipdos. Indeed deto defined by logdeto(v4) = 
(volo-(5'*M))^-'^ J^.^^ logdet(ao(a;, ,^)) da, where ao(x,^) is the leading symbol of A 
and da is a volume form on the cosphere bundle S*M , is multiplicative. 

Example. Let S be a closed Riemann surface and E a complex vector bundle of 
degree deg(£;) = j^ ci{E). Let 9s : C~(E) — > C^{E ® T^'^S) be an invertible 9- 
operator; thus locally, 9e = {dz+a{z))d'z. Then, from p.l2j) and [HII Thm(4.1.6)(see 
also |Boj §1.5), we have 

(1.14) detres(a*as) = exp {- deg{E) - ^<^B^^ 



with x(^) the Euler number, and Tk{E) the rank of E. 

This is independent of d-^d-^, but in general the residue determinant of a second- 
order differential operator over a surface will depend on the complete symbol. In 
the case of an invertible operator Ag of Laplace-type one has for t G M 
(1.15) 

det,„(A, + tl) = exp (£M^l!iW ,_l_l^^ ,^ (^^,^j, ,^ _ X(S)|kW^ _ 

where Ag^E) is the surface area of S with respect to a Riemannian metric g, and 
e(Ag) is the unique element of C°°(Eiad{E)) and V the unique connection such that 
Ag = — ^. . g^^{x)'Vi'Vj + ExiAg). On the other hand, if (M, g) is a 4-manifold and 
Ag the Laplace-Beltrami operator then 

(1.16) det,es{Ag + tl) = exp (- ''" g^2 ^' + ^ / ""^dx tj det,es(AJ , 

with volg(M) the Riemannian volume, km the scalar curvature. More generally, 
if (M, g) is a Riemannian manifold of dimension 2m, E a vector bundle, and A^ 
an operator on C°°{E) of Laplace- type, meaning A^ is a second-order differential 
operator with scalar principle symbol 

2m 

(1.17) ^(A,)2(x,0 = |e|^(.)/ := - E ^^'(^)^«0^ , 

where ^ = (^i, . . . , ^2m) £ M^*", then for £ > the heat operator e~^^^ is a smoothing 
operator with heat trace expansion as e ^ 0+ 

(1.18) Tr (e-^0 = ^^^ + . . . + ^-^ + Co(A,) + 0(.) 

with locally determined coefficients Cj(Ag); specifically, p.l7j) easily implies 

(1.19) ,.,„,^,.y^ki^, 

while, by standard transition formulae (see for example ICkSej . (Oil), ()1.1<^|^ becomes 

(1.20) detre.(A,) = e-^'^"^^^) . 

(If M is odd-dimensional deti.cs(Ag) = 1.) On the other hand, for t G M one has 

Tr (e-^(^«+*^)) = e""* Tr (e'^^O , 
and so from ()1.18|1 

(1.21) co(A, + t/) = ^-^c_,„(A,)t- + ^^— c_„+i(A,)r-i + ... + co(A,). 
Thus (im?|l and (IT^ yield 



detres(A, + tJ) = exp .\ ' volg(M)rk(^)r + 

\ (47r)'"m! 

the specific formulas ()1.15|) . ()1.16|) now following from |Gij Tlim(4.1.6) and |McSij . 

Remark 1.12. Let uo G ^^{M) and let g^ = e^'^g. A consequence of ()1.20|) is that 
the Generalized Polyakov Formula of |BrUrj for the relative zeta- determinant of Ag^ 
may be stated as 






Turning matters around, p.l3|) can be used to deduce properties of ({A, 0)1"^"^^. 

Since the proof of Theorem 11.81 demonstrates that the equality in (jl.lHj) holds 
logarithmically 

(1.22) res(logA) = -a(C(A,0)r^^ + ho(A)) , 

(in fact, it holds pointwise on M as an equality between densities as shown in the 
proof of Theorem 11.81 ) then, combined with p.ll|) which also holds logarithmically, 
(but not as a pointwise identity of densities) we have the following. 

Corollary 1.13. Let A, B he classical ipdos, admitting principal angles, and which 
have positive orders a, (3 &W^. Then the function Z {a (A)) := —a ((^(A, 0)|™™ + ho(A)) 
is additive: 

(1.23) Z{a{AB)) = Z{a{A)) + Z{a{B)) . 

Remark 1.14. [1] The additivity (J1.23J) is referred to in |Kaj and in the introduction 
to jKoVij (whose notation is respected here) as a property known to Wodzicki, though 
no proof appeared. On the other hand, Wodzicki defined in |Wo3j a determinant for 
order zero ipdos path connected to the identity which, for such operators, coincides 
with detres- 

[2] In |PaScj it is shown that ()1.22|1 extends as an exact splitting formula into local 
and global components of the generalized zeta function (e{A, Q, s)|™®'' = Tr (AQ"'')!™'^''. 
On the other hand, Grubb |(Tr2j has recently shown using resolvent methods that 
()1.22j) extends to certain classes of boundary value problems. 

Conversely, ()1.13j) . ()1.23|1 combine to prove p.ll|l when a,/5 G M+. 

From the Atiyah-Bott-Seeley (^-function index formula (see for example |Shj ) . a 
further immediate consequence of ()1.12|) is the following 'super' residue determinant 



formula for the index Index(D) = dimKer(D) — dimKer(D*) of a general elliptic 
operator D : C°°{E+) — > C°°{E-) of order d > 0. 

Corollary 1.15. 

/I 24^ detresjD* D + I) ^ -2dlndex{D) 

^ ■ ' detresiDD* + I) 

Equivalently, 

(1.25) Index(D) = —^ (reslog(DD* + /) - reslog(D*D + /)) . 

2d 

Remark 1.16. In contrast, there is not a formula for the index using the residue 
trace of a classical (non-logarithmic) ipdo. The identities ()1.13|) and p.25p lead to 



an alternative elementary proof of the local Atiyah-Singer index theorem |ScZaj . 



For order zero operators we have: 

Theorem 1.17. If A has order a = and has the form A = I + Q with Q a classical 
ipdo of negative integer order k < 0, then 

(1.26) det,e.(/+(?) = ne'^^^^('^). 

i=i 

Remark 1.18. [1] For order zero operators the zeta-function at zero in ()1.13|) is 
thus replaced by a relative zeta function at zero (see Theorem \1.2(\ and comments 
around fl2.17|) ). 

[2] Generalizing the Fredholm determinant (p=l) there is a well-known notion of p- 
determinantdetp{I-\-Q) forQ in thep^^ Schatten ideal Lp, which is not multiplicative 
for p > 1, but for Q G Li the following formula holds jSI] in analogy to ()1.2(jj) 

detp(/ + Q) ^ Y^ tiH Tr {Qn 
deti(J + g) fY 

Theorem 11.171 evidently implies: 
Corollary 1.19. 

(1.27) detres(/ + (?) = 1 if ord((?) < -n , ord((?) G Z . 

Hence detres drops down to a multiplicative function on the 'determinant Lie group ' 
G = ^*(E)/(/ + '^-'^{E)), of Kontsevich-Vishik [ KoVi] . where ■^*{E) is the group 
of invertible elliptic tp do s. /^ ()1.27|) also follows from Gorollaru \l.(\ ] 

Example. Let A^ be an invertible generalized Laplacian on a closed Riemannian 
manifold {M,g) of dimension 2m. Thus A^ has principal symbol as in ()1.17|) . and 



with that notation, we therefore have cr(Ag'")_2m(a^,0 = \^\n(x)-^- Whence, with 
g2m-i ^YiQ Euchdean (2m — l)-sphere, 

M^"") = I J^il tr(/)rfS,(.)(0)rfx 

Jm l-^TTj \J\e\„,^,=i 



f Vdetigix)) ( [ dSio) dx rk(E) 



(1-28) = :o_,2^ ^ vol,(M)rk(i^) 



(27r)2™ 
vol(52"-i^ 
W) 

Since vol(S'2'^~"'^) = 2ti^ /{m — 1)! we therefore have from p.2fij) 

vol3(M)rk(E) 



(1.29) detres(/ + A-'") =exp 



22"^-i(m-l)!7r^ 



Example. It is instructive to check how the muhiphcativity property of detres 
works for this class of V'dos. As a simple case, consider ipdos Qi,Q2 for which 
3 ord(Qj) < —n < 2 ord(Qj) < - for example, operators of order -2 on a 4-manifold. 
Then according to Theorem 11.171 

(1.30) logdetres(/ + Q^) = J^ ^^ res(Qf) = res(Qi) - - res(Q,2) . 

So 

(1.31) logdetres(/ + Qi) + logdetres(/ + Q2) 

= res(Qi) + res(Q2) - - res(Qi) - - res(Q2) . 

On the other hand, (/ + Qi)(/ + Q2) = /+ (Qi + Q2 + Q1Q2) and (fOHl) applies with 
Qi replaced by Qi + Q2 + Q1Q2 so that 

(1.32) logdetres((/ + Qi)(/ + Q2)) 

= res(Qi + Q2 + Q1Q2) - 2 res ((Qi + Q2 + Q1Q2)') . 
Since the Qj have integer order 

res(Qi + Q2 + Q1Q2) = res(Qi) + res(Q2) + res(QiQ2) 
while by the tracial property p.fjj) of res 

res ((Qi + Q2 + QiQ2)^) = res(Qi + Q2 + Q1Q2 + Q2Q1 + terms of order < -n) 

= res(Q^) + res(Q^) + 2 res(QiQ2) . 

Hence fll.3ip and p.32p are equal. 

An application of properties in the previous theorems yields the following formula. 



10 

Theorem 1.20. Let A E ^"(E), Bq E ^'^^(E), ...,BdE ^^''(E) be classical i/jdos. 
Assume a = ord(A) > and a — (5j E N\{0} (strictly positive integer). For 
t E R the polynomial B[t] = Bq + Bit + . . . Bdf^ E '^'^{E) is a classical ipdo of 
order (3 = ina.x{(3j \ j = 0,...,d}. Suppose A admits a principal angle. Then 
({A + B[t]) + ho(A + B[t]) is a polynomial of degree d [n/{a — 13)] in t with local 
coefficients. Specifically, let Q E '^~°'{E) he a two-sided parametrix for A, then 

c(A+5[t],o)r-+ho(A+i?[t]) = c(Ao)r^^+ho(A) 

(1.33) -^ E E ^-Y~ '<QB,,QB,, . . . QB,^) t^'^^ , 

fc=i Ik 

where the inner sum is over k-tuples I^ = {ii, ■ ■ ■ ,ik) of k (not necessarily distinct) 
elements ij E {1, . . . , d}, and \Ik\ = ii + . . . + ik- If A is invertible then Q in p.33p 
can be replaced by A~^. In particular, if A is invertible 

(1.34) C(^ + tl, 0)r'' = ((A, 0) r^"^ - - V ^^^ res(A"^) t'' . 

a ^-^ k 

k=l 

Note that (IT!^ imphes that if 5 G ^^(E) and a - /? - n G N\{0}, then 
C{A + S, O)!'"^'- + ho(A + B) = C(A, 0)|^°<='- + ho(A) . 
Equation ()1.34|1 is equivalent to equation (6.5) of |Wolj . 

Example. If we apply (ll.H4|l to a Laplace-type differential operator A^ on a 
2 m- dimensional manifold, then comparing with p.21|l we infer for k>l 

1 ...^A-fe^ _ ^-ki.^9) 



(1.35) 2^es(A, , |^_^|,. 

Specifically, ioi k = m 

1 ^, . . -^^ ^ vol.(M)rk(i^) 
2^3) (47r)-(m-l)! 

which coincides with ()1.28p . while, for example, for the Laplace-Beltrami operator 
on a 4-manifold with scalar curvature i^m 



res(A-) = ^|^^.Mcia; 



With a little extra work it is easy to see using these methods for A E '^°'^'^{E) 
not necessarily positive but admitting a principal angle, that 



-res(A-^«) = ResL.oC(^,^^""'^^ 



a 
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where the right side is the usual complex residue of a meromorphic function. This 
formula is well-known |Wo2j and ()1.35p is a particular case. 

2. Preliminaries 

To explain the nature of the residue determinant we begin with the sub-algebra 
\&°(-E) of classical -^dos of order zero. For A G "^^lE) with spectrum disjoint from 
the ray Rg = {re*^ | ?" > 0} the complex powers for any s G C are defined by 

(2.1) A^ = f / Xg'iA - XI)-' dX G ^\E) , 

where Tg is a bounded 'keyhole' contour enclosing the spectrum of A but not en- 
closing any part of Rg (or the origin) , while the logarithm of A is defined by 

(2.2) log, A=^ [ log, A (A - XI)-' dX G ^\E) . 

Here A^'^, log, A := — ((i/(is)A^'*|s=o are the branches defined by A^'^ = |A|~'^e"*'^'^''^'^'^^ 
with 6 — 2tt < arg(A) < 6. These formulas are valid in any Banach algebra. 

Sitting inside \I/°(E) is the ideal \I/<"''(E). An operator Q G \I/<""(E) is trace 
class with an absolutely integrable matrix- valued kernel 

(2.3) K{Q,x,y) = -i- / e'^^-y^-^ a{Q){x,Od^ 



(2vr) 

over M X M smooth away from the diagonal (so for all ipdos) and continuous along 
{(x, x) I X G M}. Consequently, Q has L^ trace 

(2.4) Tr (Q) = / tr ( K{Q, x, x))dx . 

J M 

This is a non-local spectral invariant; from ()2.3p the trace ()2.4|) depends on the 
complete symbol cr((5), not just on finitely many homogeneous terms. 

Taken together, ()2.2j) and ()2.4|) define a determinant on the ring / -|- \l/*-~"'(i5) of 
ipdos which differ from the identity by an element of \l/^~"(£') 

(2.5) detTr : / + ^<~"(^) -^ C, logdetTr(A) := Tr (log,(A)) . 
Here, one uses 

(2.6) Ag/ + ^<-"(E) => log,AG^<-"(E) . 

detxr extends the usual determinant in finite-dimensions to the group (/-|-\E'^^"(-E))i 
of invertible operators in / -|- \l/'^~"(i5): 

Lemma 2.1. On the group (/-|- \I'^^"(£'))inv the determinant detiv is the Fredholm 
determinant; it is independent of the choice of 6 and is multiplicative, detiv is a non- 
local spectral invariant, and has no (multiplicative) extension from (J-|-\l/*^~"(i?))inv 
to the group \l/*(i5) of invertible elliptic ipdos. 
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Proof. The first sentence follows, for example, from the comments around ()2.17|) . 
below, and ^^ Prop(2.21). Alternatively, one can prove these properties directly; 
independence of 6 by the method of proof of Proposition II. 5| multiplicativity by the 
Campbell-Hausdorff theorem (cf. proof of Theorem 1 1.7|) . Since the L^ trace Tr is 
non-local and has no extension to a trace functional on \E'(-E), the second statement 
easily follows. D 

Since logg A vanishes on Ker(A), the functional detxr is discontinuous at non-invertible 
elements of the ring I + \E^^~"'(£'), and therefore differs from the Fredholm determi- 
nant which is continuous and vanishes on such elements. On the other hand, from 
dlSl) and (1211), or from (frTTl|l : 

Lemma 2.2. The residue determinant is trivial on I + \E''^~"(i?) 

(2.7) Ael + ^<-"(E) => detres^ = 1 • 

The relation of the residue determinant ()1.7p to the classical determinant ()2.5|) is 
thus structurally the same as that of the residue trace to the classical L^ operator 
trace. 

Because adding a smoothing operator to A G "^{E) does not affect detres^ the 
invertibility of the operator is not detected in either ()1.26p or ()2.7p . 

Next, let A be a classical ^/'do of order a > with principal angle 6. We assume 
further for simplicity that 6 is an Agmon angle, meaning that A — XI is invertible 
in a neighborhood of Re; in particular, A is elliptic and invertible. Since the L^ 
operator norm of {A — A/)^^ is 0(|A|^^) as |A| -^ oo one can define for Re(s) > 

(2.8) ^e' = 77- [ V(^ - ^^)~^ d\ , Re(s) > , 



where now C0 is a contour travelling in along Rq from infinity to a small circle around 
the origin, clockwise around the circle, and then back out along Rg to infinity. 



In Seeley's 1967 paper [Se] on the complex powers A^ '^ of an elliptic operator, two 
quite different extensions of ()2.8p to the whole complex plane were explained. 

In the first of these, for s G C choosing fc G N with Re(s) + k > and setting 

(2.9) A-' := A'^A-'-'' G ^"""(E) , 

where Ag^^^ on the right side is defined by ()2.8j) . defines, independently of k, a 
group of elliptic classical V'dos with 

(2.10) ^e = /, A^ = A™, mGZ . 
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An important consequence is the construction of the logarithm of A, a logarithmic 
V'do of type a |OkHlKoVi] . defined by 



(2.11) '°8»-4--| 



s 
s=0 



\ 5 



and satisfying -^Ag^ = — log^A ■ Ag^. Since log^A and A^"^ for Re(s) < are 
unbounded (note ()2.1()|) ). and hence far from trace class, this extension has been 
of little direct interest. It is, though, precisely the object of interest, and, with the 
residue trace at hand, all that is needed to define the residue determinant. 

Traditionally, however, one does something quite different and attempts to extend 
the determinant ()2.5j) from / + "^^^^{E) to "^{E) by extending the L^ trace from 
xj;<-n^^^ to "^{E) using spectral zeta- functions. The latter leads necessarily to a 
quasi-trace on ^(-E) (i.e. a functional which is non-tracial) , and hence to a quasi- 
determinant (i.e. a functional which is non-multiplicative), the zeta-determinant. 
This is achieved through the meromorphic extension of the complex powers Ag^ 
from Re(s) > n/a, the second of Seeley's extensions, and has been the object of 
enormous interest. It is, though, quite irrelevant to the construction of the residue 
determinant. 

Nevertheless, spectral zeta functions have a part to play in what follows and we 
need to recall something of these constructions. We include a V'do coefficient B, 
which for the moment we assume to be classical of order (3, and we assume A to 
have order a > and to be invertible. The kernel K{B AQ^,x,y) of BAg^, which 
is continuous in {x,y) and holomorphic in s for Re(s) > {n + 13) /a, has along the 
diagonal a meromorphic extension K{B A'^'^ ,x,x)\^'^^ to all s G C with at most 
simple poles located on the real axis at the points indicated in ()2.12p . Consequently 
the zeta function Ce{B,A,s) := Ti{B A'^^) is holomorphic for Re(s) > (n + /3)/a 
and extends to a meromorphic function 

Ce(5,A,s)r*^^= f ii{K{BA-\x,x)\'^''')dx 

J M 

on C. It has pole structure ([Si], [(^rSej . (Oil) 

(2.12) rwaw^..)r^5:^53 + 5:(^ + -f^ 



j=0 ' a k=0 



where the terms Cj, c' , are local, depending on just finitely many homogeneous terms 
of the symbols of both A and B, while the c'l are global, depending on the complete 
symbols. Around zero ()2.12|) implies a Laurent expansion 

Ce{B, A, s)r' = ^ + (c„+^ + 4') + 0{s) , as s ^ , 
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the simple pole determining the zeta-function formula for the residue trace of the 
classical ■i/'do B 



I 

' 



(2.13) res(fi) = aRes^^^iCeiB, A, s)]"^"') =ac, 
while the constant term defines the 'A-weighted zeta-trace' 

(2.14) Tr^(5) = c„+;3 + c'o'. 

li (3 < —n one has res(i?) = and so C,e{B, A, s)\^'^^ is then holomorphic near s = 0, 
while Tr ^(5) = 0(5, A, 0)r<='' and is equal to the L^ trace Tr {B) = c'^. If /3 G M\Z 
then once more res(i?) = and Tr^ (B) = Ce{B, A, 0)|™'"' is independent oi A |Ko Vij . 
and again equal to the global term Cq |Grj . and vanishes on commutators for which 
the sum of operator orders is non-integral |Ko Vij . These properties also hold on 



the subalgebra of odd-class tpdos |Ko Vij . Tr^ is a quasi-trace in so far as it is not 
tracial on the full algebra "^{E), but does extend the L^ trace to a trace on the 
above subclasses. 

If i? is a logarithmic ^do then (g{B , A, s)\'^'^^ again extends meromorphically to 
C but now with /? = in ()2.12|) and with possible additional poles Cj^i{s + iz^)~2 
jGrj . When B = loggA there is no pole at s = and a (quasi-) determinant, the 
zeta determinant det(^^g{A), may be defined by taking the zeta trace ^ of loggA 

logdetc,e(A) := Trf(logA) 

(2.15) = Cei\ogA,AO)n . 

If a > and one sets C(^, s)r*"' := C(/, A, s)]'^^'' = Tr {A-')\'^^\ then equivalently 

(2.16) logdetc,,(A) = -Ac,(A,s)|-^^ , a > . 

If a = then from ()2.6j) and the comment following ()2.14|) . the determinant ()2.15|) 
is defined on J + '$^~"'{E) and equal there to the Fredholm determinant. On the 
other hand, (e^A, s), and hence the right side of ()2.16|) . is then not defined for any 
s. Nevertheless, the relative zeta function 



(2.17) Cr[A,B]is):=TTiA,^-B, 



is defined on / + ^<-"(E), and one has there Tr loge(A) = -£C8 [AI]{s)\s=o- 
For elliptic Ao,Ai of non-zero order C^*^^[y4o, Ai](s) = (ei^o, s) — (e{Ai,s); relative 
determinants are studied in |Muj . jSEl- 

The zeta determinant det(^^g{A) is non-local, depends on the spectral cut Rg |Wolj 
and is not multiplicative |0k2[ iKo Vij . 

The residue determinant has a quite different nature. 



3 



For L a logarithmic i/jdo, such as logg A, the dependence on the choice of regularizing operator 
TifHL) - Tr^^(L) = Tr {L{A:[' - A:^'))\f^}i is computed in |EoVi] . [012, W^ as a residue 
trace, leading to the multiplicative anomaly formula for the zeta-determinant. 
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First, the construction oi the residue determinant takes place completely indepen- 
dently of spectral zeta-functions, and it is in this distinction that its non-triviality 
lies. 



Specifically, using the spectral ^-function formula ()2.13|) with B = logg A to define 
a putative residue determinant, rather than the symbolic definition p.7|) . leads to 
a trivial determinant (equal to 1); the triviality is equivalent to ({A,s)\'^'^^ being 
holomorphic at zero, and thus ()2.15|) being defined. 

Further, since the residue zeta function Cres(^) s) '■= Tes{A~'^) is highly discontin- 
uous - for, from p.3|) . res(y4~'') can be non-zero only for s ■ ord(y4) G Z fl ( — oo , n] 
- there is no residue analogue of ()2.16|) . 

The residue trace ()1.7p on logg A thus does not arise a complex residue, but it does 
generalize the integral formula which for classical ipdos coincides with the complex 
residue fl2.13|) . However, if A, B have residue determinants and are of the same order 
then the difference res(log A) — res(logi?) is given as a complex residue. 

The residue determinant detres(^) is local, independent of the spectral cut Re 
and multiplicative. 

3. Proofs 

Let a ~ (ao, ai, . . .) G S'°(f/), b ~ (bo, bi, . . .) G S^{U) be local classical (1-step 
polyhomogeneous) symbols of respective degrees a,(3 eM.. Then a product structure 
is defined on S{U) 

aob~((aob)o,(aob)i,...)GS-+'^(t/), 

with 

(3.1) (aob),= Y. ^d^i^k) D^,{hi) , 

\fi\+k+i=j 

and multiplicative identity element 

l = (/,0,0,...). 

At the V'do level this represents the operator product modulo smoothing operators; 
thus if in local coordinates a{A),a{B) are respectively equivalent symbols to a, b, 
then a[AB) is equivalent to a o b. This is all that is needed to compute local 
quantities such as the residue determinant. 

To do so for a classical elliptic ifjdo A of order a, standard methods [Uil |Sil IShj 
construct a parametrix for A — \I hy inverting locally at the symbolic level. We 
consider a finite open cover of M by coordinate patches ?7j, i G / = {1, . . . , m], over 
each of which E is trivialized, with a subordinate partition of unity 0j G C°°{Ui) 
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such that for i,j & I there is a lij G / with supp(0i) U supp(0j) C U := Ui-.. Then 
(3.2) A = J24>iAc^J 






with each summand a V^do acting in a single coordinate patch, and it will be enough 
to work with a symbol a = a{4>iA(f)j) ~ (ao,ai,...) G S°'{U) of each such local 
operator. A local resolvent symbol 

r(A)~(r(A)o,r(A)i,...)G5-"(f/A) 
is defined over Ux = {x E U \ X ^ spec(ao(a;, C,)), , ^ G M"} by the inductive formulae 

(3.3) r(A)o(x,0 = (ao(x,0-AI)-\ 

(3.4) r(A),(x, = - r(A)o(x, $^ ^9[a,(x, /^^(A)Kx, • 

\fi\-\-k + l—j 

Kj 
For 1^1 > l,t > 1, each r{X)j{x,C,) has the quasi-homogeneity property 

r{rX),{x,tO = t-"-'r{X),{x,0, 
and by construction 

(3.5) r(A)o(a-AI) ~ (a-AI)or(A)~ I . 

Consequently, if A has principal angle 6, then logg A and A^"'^ are represented by 
symbols 

(3.6) logga- (qeo,qe,i,--- ) , ^e' ^ i\l^e,v ■ ■ ■ ) ^ 

where, with Tq = Tg{x, C,) a closed contour as in ()2.H) chosen to enclose the spectrum 
of ao(a;, ^) avoiding the spectral cut and the origin, 

(3.7) qg.[x,^) = ^ \oggXr{X)j{x,^) dX , 

(3.8) a,-j(x,0 = f / Xrr{X),{x,OdX. 

We may also write 

(loga)0j(x,O ■=%j{x,0 ■ 
For 1^1 > 1, it follows for j > that a^''- G S^°"^^^{U) is homogeneous of degree 
—as — j, and for j > 1 that q^ ^ G S~^{U) is homogeneous of degree —j. Since 

qe,j(a;,0 = -ds\s=o3g"^{x,^) 
and 
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then 

(3.9) a° = l = (J,0,0,...) 
and 

(3.10) q,,o(a:,0 = «log[e]/ + Pe,o(a;,0 

with Peg £ S^{U) a classical symbol of degree 0. This means that the ipdos logg A 
and Ag"^ can be approximated modulo smoothing operators as 

oo oo 

(3.11) log, A ~ ^(log, A)[,] , A^ ~ Y. </^ 

i=o j=o 

with {logg A)ij] = OP{c\gj), an operator in '^'^{U,E) for j > 1, and ^g"'' = 
OP(a^p G ^^'^"^■'(f/, -E) for j > 0. In particular, the local residue density asso- 
ciated to qg„(x,^) is defined independently of the choice of local coordinates and 



(3.12) logdetres^:=— — / / tr (q,,„(x,0) ^5(0 rfx . 

[^T^r JmJ\^\=i 

Proof of Proposition 11.51 

Proof. From ()3.4p we have that r(A)„ is computed only using the first n + 1 homo- 
geneous terms ao, . . . , a„. Consequently, by ()3.7p and ()3.12|) the same is true for the 
residue determinant. 

Let ^, G M be two choices of principal angle with {6 — 0)/27r G M\Z. Then 
(3-13) q^/x,0-qg/x,^) = 2TTim\j + / r{X)j{x,0 dX , 

where m = ±[{9 — 0)/27r] G Z and the bounded contour F^e = T(j,^g{x,C,) can be 
taken of the form 

W^ I i? > p > r}U{re** I > t > 0} U {pe''^^"^^) \r<p< i?}U{i?e'* | < t < ^} 

enclosing an annular region between the cuts Re, and R^ and circles of radius r < R. 
This follows by a similar analysis to !.WolJ§3 for the symbols of the complex powers. 
On the other hand, the contour integral on the right-side of ()3.13p is —2iTi times 
the homogeneous component of degree —j of the local symbol of a V^do projection 
Pg^^{A) whose range contains the direct sum of those generalized eigenspaces of A 
with eigenvalues contained in T^^g, and is zero if {9 — 0)/27r G Z (see JBuj, |Poj). 
Consequently, taking j = n, ()3.12|) and ()3.13|) imply 

res(loggA) -res(log^A) = -2niTes{Pg^^{A)) . 

Since the residue trace of any ipdo projection is zero |Wo2j . we infer that detres is 
independent of the choice of principal angle. D 
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Remark 3.1. The vanishing of res on ipdo projections is shown in |Wo2j to be 

equivalent to (g{A,0)\'^'^^ being independent of 6 . 



Proof of Theorem 11.71 

Proof. From ()3.12|) and ()3.1|) . res(logy4) is seen to depend on only the first n + 1 
homogeneous terms in the local symbol expansion of A, and finitely many of their 
derivatives, while (ao b)„ is determined using only ao, . . . , a„, bo, ... , b„. The demon- 
stration of multiplicativity can therefore be reduced to a certain finite-dimensional 
symbol algebra, introduced by Okikiolu |0klj §3. where the following standard Ba- 
nach algebra version of the Campbell-Hausdorff Theorem |OkH iJaj can be applied. 

Theorem Let B be a Banach algebra with norm \\ . \\ and identity I . For invertible 
elements a,b & B and a choice of Agmon angles one can define using ()2.2j) elements 
log(a), log(6) and log(a6) in B. Then for real sufficiently small s,t > 

oo 

(3.14) log(a^6*) = s log(a) + 1 log(6) + ^C^'^Hs log(a),t log(6)) , 

fc=i 

where C^^^(s log(a),t log(6)) is the element of B 

(3.15) 

-^ (-1)^+^ >p (Ad(s log(a))"i(Ad(t log(6))'"i . . . (Ad(s log(a))'^^(Ad(t log(6))'"^ log(6) 

p^ j + 1 ^^ (1 + ^^^-^mj)rai! . . .nj!mi! . . .mj! 

and the inner sum is over j-tuples of pairs {ni,mi) such that Ui + rrii > and 
J2l=i ni + nii = k. For c E B the operator Ad(c) acts by Ad(c)(c ) = [c,c]. 

We denote by S[„](f/) the algebra of finite-symbol sequences of length n, intro- 
duced in (lOklJ . An element of S[„](?7) is an (n + l)-tuple p = (pg, . . . , p„) of poly- 
nomials 

(3.16) p - ?7 X M" ^ End(M^) , p^{x, = Yl ^^'.m- ^'C , 

M + W\<n-1 

with Pj^fi^u G End(M^). S[„](t/) is a finite-dimensional vector space which relative to 
a fixed point (xq, ^o) ^ Ux R" can be endowed with an associative product structure, 
defined for p, p G S[„](f/) by 

(3.17) (pop),. = 7r„_J Yl ^d^(Pk)mPi) 

where for a smooth function / defined in a neighborhood of (xo,^o) E U x 

(3.18) 7r^(/)= Y -^,d^9''{f){xo,^o){x-xor{^-^or 
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is the Taylor expansion of / around {xq, ^q) to order m. Endowed with this product, 
relative to (a;o,^o); S[„](f/) becomes an algebra which we denote by 

The map from the symbol space S{U) to symbols of length n 

(3.19) IT : S{U) — > S[„](f/)(xo,^o) , 7r(a) := (7r„(ao), 7r„,-i(ai), . . . , 7ro(a„)) , 
where a = (ao, ai, . . .), is an algebra homomorphism, so that 

(3.20) (7r(aob))^. = (7r(a)o7r(b))^. , 
while, from ()3.18p . evaluation at the point (xo,^o) gives 

(3.21) (7r(a))^. (xo,^o) = aj(xo,^o) , j <n . 

The logarithm of an element p = (pg, . . . , p„) G S[n]{U){xo, ^o) admitting a princi- 
pal angle can be defined by the procedure used in S{U): Consider, by inclusion, p 
as an element p of S{U). If A ^ spec(po(x, ^)) then p has a resolvent r(A) G S{U\) 
given by ()3.4|) . while 

(3.22) r^(A) := 7r(r(A)) G S[n]iU)ixo,^o) 

inverts p — Al„ in S[„](f/)(xo,^o); that is, since 7r(p) = p, applying n to ()3.5|1 and 
using ()3.2()j) we have 

(3.23) r,(A) o (p - Al„) = (p - Al„) o r,(A) = l„ , 
where l„ = (/, 0, . . . , 0) is the identity symbol in S[„](?7)(xo, ^o)- Set 

(3.24) (log,p),(x,0 = 7^ / logeA r.(A),(a;,0 dX . 

27r Jp^ 

Since the entries of r7r(A) are finite Taylor expansions of r{X)j{x,^) around (xo,^o) 
the only logarithmic term is a log |^o|) there is no log |^| term. It follows that ()3.24|) 
is an element of S[„](f/)(xo,^o)- Moreover, it is clear ( |Uklj Lemma 3.6) that for 
a G S{U) 

(3.25) (7r(log,a))^. = (log,(7r(a))^. . 

Likewise, p^j(x,0 = ^ fr, K'^^Mji^^O d\ G S[„](f/)(xo, ^o) if P e S[„](f/)(xo,^o), 
and we find for a G 5'(^) 

(3.26) (7r(a-))^.= ((7r(a))-)^. . 

Now for s,t G [0, 1] and a, b G S{U), (HHl), (j^^ and (jT^ give 

(3.27) (7r(log,(a^ob*)))^„= (log,(7r(a)^o7r(b)*))„ , 
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omitting the subscript. Since S[„](f/)(xo,^o) is a finite-dimensional algebra, for 
s, t > sufficiently small we have from ()3.14|) for the induced norm 

(3.28) (7r(log,(a^ob*)))^ = s (log 7r(a))„ + t (log 7r(b))„ 

oo 

+ J](C(^')(. log7r(a), tlog7r(b)))^ 
fc=i 
= s(7r(log a))„ + t(7r(log b))„ 

oo 

+ 5^(7r(C('=)(sloga, tlogb)))^ , 
fc=i 

and so, evaluating at the point (xo,^o)) ()3-21|) implies 



(3.29) loge(a' o b )„(xo, ^o) = s log a„(xo, ^o) + 1 log b„(xo, 6 



oj 



+ X] (C^'H^ log a, tlogb))Jxo,eo). 



k=l 



Since all terms in ()3.29|) lie in the symbol class S{U), with uniformly continuous 
derivatives of all orders on compact subsets oi U x M", the convergence in ()3.29|) as 
iV-^cx) of 



N 



loge(a^ o b*)„ - s log a„ - t log b„ - ^ {C'^''\s log a, t log b))^ 



fc=i 

:'n— 1 



and all its derivatives at the point (xq, ^o) is also uniform in (xq, ^o) ^ UcX S'^ for 
compact subsets Uc C U. Hence, taking a partition of unity we can interchange the 
sum with integration over S*M to get 

(3.30) / / tT{\ogiB'ob%ix,0)dSiOdx = 

J M J\e\=i 



s tr (log a„(x, 0) dS{i) dx + t tr (log b„(x, 0) c?5(0 rfx 

JmJ|5I=i 7a/ J 151=1 

+ V / / tr(C(^-)(s log a, t log b)„(x,0) ^5(0^0; . 

j,^^JMJ\i\=l 

But C*^'^^(s log A, t log-B) is classical ■^/'do of order with symbol 

a{&^\s log A, t logB)) ~ C('=)(s log a, t log b) , 
and so, in particular, 

a(C(^')(s log A, t \ogB)\ = C^^\s log a, t log b)„ . 
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It is, furthermore, by definition a commutator of logarithmic ■i/'dos, and hence by 
Proposition 11.21 

-i- / / tTiC^'\s\oga,t\oghUx,0)dSiOdx = res{C^'\s\ogA, t\ogB))=0 

l^^J JmJ\(\=i 

Thus ()3.30|) says that for sufficiently small s, t G [0, 1] 

(3.31) Tes{log{A'B*)) = s res(log A) + t res(log B) . 

But (13.311) is analytic in s, t and so it holds for all s, t G [0, 1]. Evaluating at s = t = 1 
completes the proof. D 



Proof of Theorem 11.81 

Proof. Let a(x, ^) = cr(A)(x, ^) G S°'{U) be the symbol of A localized over U, as 
above. The complex powers Ag^ G \1'^"*(-E') are classical ■i/'dos defined in the half- 
plane Re(s) > by ()2.8|) . and elsewhere by ()2.9p . with local symbol 

(3.32) ^(^r)(^,0 ~ $^a,-;(a;,0. 

i>o 

If y4 is not invertible, then for s 7^ ()2.10j) remains unchanged, while 

(3.33) A° = /-no(A) , 

with Ho (A) a (in general, non self-adjoint) projection onto the generalized eigenspace 
Eq{A) in the statement of Theorem 11.81 

The symbol a{AQ^){x,^) is integrable in C, for Re(s) > n/a and, for such s, 
K{Ag'^,x,x) dx defines a C°° globally defined n-form on M with values in End(i?). 

For Re(s) > n/a and any J G N we have with d^ := (2'K)^"dC, 
K{A-',x,x) = [ a{A,%x,Ok 

(3.34) = / (a(v)(^,o - E^^K^'^) I d^ + Y. [ ^^K^'^) ^"^ • 

With Ag' defined for all s G C by (Q, the difference 

j-i 
a(A-)(x,0-5^a,-j(x,e) G S-"^^W-^([/) 
i=o 

is integrable in ^ for 

(3.35) Re(s) > '^ ~ 



a 
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and so the first integral on the right-side of ()3.34j) extends holomorphically to the 
half-plane ()3.35p . Hence choosing J = n + 1 (or any J > n) we can set s = in that 
integral to get, using ()3.9|) and ()3.33|1 . 



„ n 



s=0 



/ (a(/-no(A))(x,0-Vk,(a:,0) d^ 



(3.36) = / -a{Uo{A)){x,Od^. 

The remaining objects of interest, then, are the local-kernels along the diagonal 

Jr" 
Splitting the integral into two parts we have 



(3.37) 



KT^(x) 



a7'(x,0^"e 



€l<i 



+ / arix,Ok 



«l>i 



We deal first with the second term on the right side of ()3.37p . for which the symbol 
is homogeneous in |^|, hence leading to only local poles (any s). Changing to polar 
coordinates and using the homogeneity of a~'*(x,^), we have for Re(s) > (n — j)/a 



(3.38) 
(3.39) 



ar(^>o^"e 



I?I>1 



^-QS-j+n~l^^ 



aJ^ix,OdSiO 

Cl=i 

aJ'{x,OdS{0. 



[as+j-n) J|^|=i ^ 

The meromorphic extension of the left side of ()3.38p is defined by ()3.39|) . When 
j ^ n then ()3.39p is holomorphic around s = and so from ()3.9|) 



(3.40) 
(3.41) 



a-^(x,orf'e 



«l>i 



3o"{x,0 di 



«I>1 





= 0, 




jV 0, n , 


s=0 








mer 




1 


vol(5"-i) 



s=0 



(2vr)' 



n 



For j = n we use |Uk2j Lemma(2.1) which states that there is an equality 



a^ (X 



o = E 



OO / sL. 



k=0 



k\ 



((loga)^),(x,0 



where (log a)'^ := log a o log a o . . . o log a {k times) and the right-side is convergent as 
a function of (s, x, ^) in the standard Frechet topology on C°°{C x f/, (M^)* ® R^). 
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So we obtain 

Cl>i 



as 



a 



ln(a;,0 -■s(loga)n(x,0 + o(s) ) d^ 



«l=i 



(\oga)n{x,Od^ + o{s' 



€1=1 



Hence 

(3.42) 



a„"(x,0 d^ 



5l>i 



s=0 



a 



(loga)„(x,0 k ■ 



l?l=i 



For general s G C the first (non-homogeneous) term on the right side of ()3.37p 
is a more comphcated expression leading to global poles. However, at s = this is 
local and, from ()3.9j) . given by 



^ri^^od^ 



<i 



\j{x,Ok 



=0 >^I5I<1 



Hence 

(3.43) 

(3.44) 



Cl<i 



^r{x,ok 



ao"(a;,0 c?^ 



I?l<i 



s=0 
mer 



s=0 



jV . 

1 



(27r) 



vol (5") 



where i?" is the n-ball. 

Thus from (UHl, (USED, dlSID, dUIl), (IS3ID, (IS32D, ^M, dUi we have 

ir(V>a;,x)|;^';, = -/ a{Uo{A)){x,Od^dx 

If ,„_. 1 vol(5"-^) 1 



a 



{\ogaUx,OdS{0 



€1=1 



(27r)"' n (27r)' 



. vol(5") 



Hence 



a(Ho(A))(x,0 rf^rfx-- / (log a)„(a;, 0^5(0 • 



tr((loga)„(x,0)^"^(Oc?a; 



M J\i\=l 



-a{ tT{K{Ag',x,x)r^')dx + 



M 



M 



tT{a{Uo{A)){x,0)d^dx 



that is. 



res(log A) = -a{ ({A 0)r' + Tr (Ho(A)) 



D 
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Proof of Theorem 11.171 

Proof. We have, 

log(/ + Q) = -^ /" log A (/ + Q - XI)-' dX , 

where the finite contour Tg encloses, in particular 1. Iterating 

(/ + Q - XI)-' = (1 - X)-'I - (1 - X)-'Q{I + Q - XI)-' 
yields 

m 

(/ + Q - XI)-' = 5^(-iy (1 - X)-^-'Q^ + (-1)'"+^(1 - A)'"Q™(/ + Q - XI)-' , 
and so 

m . „ 

(3.45) log(/ + Q) = 5^(-iyQ^-^ / logA(l-A)-^-idA + i?(Q,m) , 

where 

i?(Q,m) = (-l)™+iQ"-^ /" logA(l-A)'"(J + Q-A/)-irfA. 

R{Q, m) is a classical ipdo of order — /^m and so for any positive integer m with 
mk < —n we have res(i?(Q,m)) = 0. All operators in ()3.45|1 are integer order and 
so we can use the linearity of res in Lemma 11.11 to find 



\k 



res(log(J + Q)) = ^(-iyres(Q^)^ f \ogX{l - X)-^-' dX , 

the summation beginning now from j = 1, since res(/) = and the contour integral 
is zero for j = 0. Since Tg encloses 1, then for j > 1 

and we reach the conclusion. D 



Proof of Theorem rr2nl 

Proof. Let A G \E'"(-E') be an elliptic ^do, admitting a principal angle. Let Q be a 
parametrix for A, so that 

(3.46) AQ-I = s^e^-'^{E) , QA-I = rs^e^-^iE) 

are smoothing operators. For any smoothing operator /too G '^-°°{E) one has by 
Corollary 11.61 

(3.47) detres(^ + /too) = det,es(A) • 
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Let B G \l/"(-E) with a — /? G N. Then by ()1.11|) . which from the proof of Theo- 
rem ^^2 is seen to hold logarithmically, 

logdetres(^ + 5) = logdetres(^<5 - Soo)(^ + 5) 

= logdetres(^Q^ + ^<55 + too) 

= logdetres(^Q^ + ^Q5) 

= log detres^ + log detres(Q^ + QB) 

= log detres^ + log detres(/ + QB) , 

where too ^ '^^°°{E) and for the final equality we use ()3.46|) and ()3.47|) . Rewriting 
in terms of ()1.13|) and ()1.26|) this reads 

-a ( ((A+B, 0) r'+ho{A+B) ) = -a( ((A 0) n+KiA) )+J2 —r^ res ( {QBy ) 

i=o 

The sum terminates when oTd{QB).j < —n, so we may take 

n 



J 



M 



a — (3 
Replacing B hy B[t] = Bq + Bit + ... Bdf^ now proves ((03 • □ 
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